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Implicit-Explicit Method for Solving the
Navier-Stokes Equations

J.S.Shang*
Air Force Flight Dynamics Lab., Wright-Patter son Air Force Base, Ohio

An implicit-explicit numerical method has been developed for obtaining asymptotic steady-state solutions of
the Navicr-Stokes equations. The numerical solution of practical engineering problems requires fine spatial mesh
distributions lo resolve viscous layers near wall boundaries. The fine mesh, coupled with the stability limitations
of fully explicit methods, yields large computing times. The implicit-explicit algorithm has been developed for
obtaining solutions to the Navier-Stokes equations to reduce the computational time required. The implicit
method is used in regions where the fine mesh is required, while the explicit method is retained in the remainder
of the flowfield. Numerical solutions are obtained for two- and three-dimensional strong in viscid-viscous in-
teractions. The present method exhibits an order of magnitude reduction in computing time over the fully ex-
plicit method with comparable accuracy.
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Superscripts

Nomenclature

= coefficients of the linearized equation [Eq.
(11)] for the implicit operator in 17

= coefficients of the linearized equation [Eq.
(12)] for the implicit operator in f

= internal energy, cv T+ (u2 + v2 + w2) /2
= flux vectors, Eq. (4)
= index for grid point
= difference operators
= static pressure
= heat flux, -k V T
= time
= static temperature
-velocity components in Cartesian frame

(u,v,w)
= dependent variables
= Cartesian coordinates
= transformed coordinates, Eq. (5)
- molecular heat conductivity
- density
= stress tensor
= root-mean-square values

= implicit procedure
= explicit procedure
= properties evaluated
condition

at the freestream

n = time level n A t
* = time level (n+Vi)kt
** = time level (n + l) A t

I. Introduction

A SIGNIFICANT number of numerical solutions of the
compressible Navier-Stokes equations have been

obtained utilizing MacCormack's explicit finite difference
method.1"4 Due to the small time step limitation dictated by
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stability requirements of this method, excessive computing
times are required to solve high Reynolds number problems.
It is logical then to explore numerical methods which would
relieve the severity of this limitation.5"7

Since the fully explicit method!-2 is conditionally stable, the
stability condition (CFL) severely limits the allowable time
step. For the diffusion-dominated flow region, MacCormack
and Baldwin2 have shown that the time step satisfying the
stability condition is proportional to the square of the mesh
spacing aligned with the factorized operator. However, this
restriction can be removed by incorporating an implicit
procedure which possesses a more favorable stability
property, permitting a much larger time step to be used. In
general, for aerodynamic problems a fine mesh spacing is
required only in the direction normal to the solid contour.
Therefore, this implicit scheme only needs to be implemented
in the direction normal to the surface and confined to the
domain immediately adjacent to the solid surface.

MacCormack8'9 demonstrated that by a combination of an
implicit-explicit scheme and further equation splitting, an
order of magnitude gain in computational efficiency over his
early explicit method1'2 was possible. The equation-splitting
concept was introduced by Ames}0 and is conceptually similar
to the fractional step methods (time splitting). 3'n The basis of
the equation-splitting idea is to group widely varying
eigenvalue functions and solve the split equations in-
dividually. For the Navier-Stokes equations, the system of
equations is first reduced to several one-dimensional
equations by time splitting, with the portion containing the
inviscid terms solved first and then the portion containing the
dissipative terms.8'9'12 The equation-splitting method is
heuristic,10 but has been successfully demonstrated by both
MacCormack and Dodge.12

The basic idea of the present analysis may be considered as
a modification to MacCormack*s rapid implicit-explicit
scheme, in which an implicit-explicit scheme is adopted for
the time-split equations in regions according to the flowfield
characteristics and the equation-splitting technique is
eliminated. The present analysis is also conceptually similar to
the recent work by Li,13 but was independently developed.
For the present analysis, the implicit procedure is used to
solve the time-split equations in the directions normal and
adjacent to the surface, while the rest of the flowfield is still
evaluated by the explicit scheme.1'2'7 The minimum time step
in the fine mesh region is no longer bounded by the stability
condition which requires (AOmax^rP &y2/2yn6. In the
outer region where the explicit scheme is used, the relatively
large Aj becomes comparable to the Ax step, resulting in
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much larger allowable time steps. Since a successful explicit
procedure existed,7 hopefully minor modifications of the
explicit code would result in an order of magnitude im-
provement in computing time.

In the application of MacCormack's rapid solving method
to multidimensional arbitrary geometrical configurations, a
series of polyhedrons or polygons is constructed to define
individual control volumes.8'9 An alternative approach is to
introduce a general coordinate transformation to describe
arbitrary configurations.7 The two approaches are equivalent
through Stokes' theorem. The coordinate transformation also
permits the implicit method to be used for the difference
operator in the direction normal to the solid contour.
Although the entire gain in efficiency achieved by Mac-
Cormack may not be obtained, simplification of the
numerical coding was achieved.

The purpose of this paper is to evaluate the anticipated gain
in computational efficiency by a generalized implicit-explicit
solving scheme, and to assess the accuracy of the method by
comparison with previous numerical results and experimental
data.14'15 The selected problems to be solved are: a two-
dimensional supersonic shock wave/boundary-layer in-
teraction and a three-dimensional hypersonic compression
corner problem. Both problems contain separated flows due
to strong inviscid-viscous interactions and have been reported
in the literature.14'15

II. Analysis

A. Governing Equations and Solving Scheme
The governing equations of the present analysis are the

three-dimensional, unsteady Navier-Stokes equations. In the
absence of external forces, the conservation equations are
presented.as follows:

dp—
ot

The equation is time-split as follows: 3'1U7'19

dpu
—— + V • (puu-7)=0
ot

dpe
ot

—— + V • (peu-a-T+q)=0

(2)

(3).

which are in perfect divergence form. The system of equations
in terms of flux vectors yields

dU dF dG dH
____ I ___ i ____ i ____

dt dx dy dz (4)

(5)

where the vectors are defined in Ref. 7. Introducing a
coordinate system transformation with sufficient flexibility to
accommodate a large category of aerodynamic configurations
as

we have

dU_ dF

i = l,2,3; j=x, x2=y, x3=z (6)

where %x,rjxit and fxi are the partial derivatives of the trans-
formed coordinates with respect to the Cartesian frame. If
the Jacobian does not vanish at any point of the investigated
domain, the transformation is admissible.16 The dependent
variables U(p,pu,pe) are not altered.

Un+2 =L[ (Af/2)L, (A/)/,, ( A//2)L f ( A//2) Un (7)

L^L^y andL^ are the difference operators aligned with £,77,
and f coordinates, respectively. It can be shown that the
solution is second-order accurate in time and space, if each
factorized operator is second-order accurate and the dif-
ference operators of the mixed derivative are commutative. 3

The operators may be subdivided further into those por-
tions solved. by either implicit or explicit means. The implicit
method is used for a portion of the domain in the fine grid
region near the wall, while the remainder is evaluated by an
explicit procedure.

Only L^ and£ r are affected, since L^ is selected to be in the
direction of small gradients .

(8)

(9)

The difference operators L^ and L$ consist of implicit and
explicit procedures for different domains. The matching
points JFM and KFM are the common nodes between the
implicit and explicit computations for L^ and Lf , respectively.
The explicit differencing operators L^Lnexp, and Lfexp retain
the conventional MacCormack explicit form. !»2 The scheme is
a two-step noncentered method. However, at the completion
of the predictor-corrector operation, the method approaches a
central-difference approximation .

In the present investigation, the splitting of the implicit and
explicit operators is given as

(Af/2),Li- (At/2)]v ' i v ' J

(10)

The maximum allowable time-step increment (AO max *n tne

present scheme is still limited by the stability condition (CFL)
of the explicit operator, and usually it is of the same order of
magnitude as theL^exp operators.

B. Implicit Operator and Matching Condition
The implicit operator is intended only to be used in the

diffusion-dominated region where the coalescing compression
waves are expected to have limited strength. Therefore, the
need to express the variables in conservation form may not be
required. In the present analysis, the primitive variables p, u,
T are adopted for simplicity in the implicit procedure. In
order to make the implicit and explicit operators compatible,
the implicit method was established as a two time-level
(backward in time) and central space approximation. In
addition, a Crank-Nicolson scheme was also incorporated as
an option for comparison purposes. The fractional time-level
operation permits a straightforward linearization of the
governing equations without overly compromising the
favorable stability property.20"22 However, in order to im-
prove the convergence characteristics, a Newton-Raphson or
quasilinearization approach is used.5 The viscous dissipation
functions and mixed derivatives are evaluated explicitly,
lagged by a fractional time step. The final system of equations
in the r? direction are given as

dUL 82Uf dUr

(U)
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Similarly for the f direction, we have

ML , \^ *,d2&L . \^ „, &OL

(12)

where the dependent variable U is defined to be
U.(pfu,vfw,T). The preceding system contains five scalar
equations for continuity, momentum, and energy. In prin-
ciple, the system of five equations can be coupled and solved
simultaneously, but the required arithmatic operations would
be (3AT-2) (L3+L2) or 4507V-300 for a single row of
points.21-23 On the other hand, a system of equations
organized as three coupled equations and two single
tridiagonal systems for a single row of points, requires only
1187V-80 arithmetic operations. The advantage of the later
cascading procedure in computational efficiency is
significant, provided both methods have similar convergence
properties. An appropriate sequence order is also critical, in
that the ordering of the solving sequence must be such that the
most dominant dependent variables in the sweep direction are
coupled. The directional bias provides an obvious selection
criterion. In the present analysis, for the sweep in the 77
direction, the variables p,v,T are solved, coupled, and
followed by u and w individually. For the sweep in the f
direction, variables p,w,T are found by solving the coupled
equations, and then u and v are found.

As an example, the system of equations are given for the
first fractional time step.

i'CLUtdt Z 2drj2

\^ ^
5 A ff" 5

•-^BL—^-^CL0"L-DL (13)
4 orj 4

. at/I _ • ... ^ . d2C/T
dt

V'17 (14)

(15)

where U/=p, U2=v, U3 = T, U4=u and U5=w. The
superscript * indicates the dependent variables evaluated at
time level (« + }A) A/, where the superscript n designates the
dependent variable at time level t = nAt.

The Crank-Nicolson scheme is a second-order accurate
method in time and spatial variables. On the other hand, the
implicit scheme is second-order accurate in spatial variables
only. In order to improve the accuracy in time for the implicit
scheme, an approach analogous to the ADI technique could
be used. However, in the present analysis, the second frac-
tional time-step calculation was simply the repetitive
operation of the first, after updating all the coefficients
(A,B,C,D) to At(n+ 1A}> * level. The dependent variables U
then were evaluated at the final time level **, (n+ 1) A/. The
time-averaged procedure

was also used to give an identical formal temporal accuracy to
that of the explicit operators. No iteration process was used
for each time step. The coupled system of equations was
solved by using a Gaussian elimination scheme with row
pivoting for solving a set of band equations.24 The uncoupled
equations were evaluated by the Thomas algorithm.5>19-23

Since the present method switches numerical schemes from
an implicit to an explicit numerical algorithm across the
matching point, particular caution must be exercised to ensure
strict conservation and local consistency25*26 at this point. The
matching procedure is also uniquely determined by the two
schemes it connects. This matching condition is satisfied by
imposing a Dirichlet type of boundary condition for the
implicit calculation at the matching point (JFM or KFM), and
performing the explicit calculation including the matching
point. MacCormack's explicit scheme ensures conservation of
vector flux at the matching point. Although difficulty was
anticipated at the matching point, no wiggles or discernable
errors were observed with the procedure employed as just
described.

C. Initial and Boundary Conditions
The boundary conditions vary widely between the two

investigated inviscid-viscous interacting problems. However,
a general description can be given.

The initial condition is

(16)

The far field is straightforward; for the three-dimensional
problem, the no-change condition7 is imposed to insure a
two-dimensional asymptotic behavior away from the corner.
For the two-dimensional shock wave/boundary-layer in-
teraction, the incident oblique shock intercepts the boundary
of the computational domain, thus the Rankine-Hugoniot
conditions are used downstream of the shock intersection.

The upstream condition satisfies the unperturbed
freestream condition and is designed to be located a single
step away from the leading edges.

(17)

The far-downstream condition requires gradients of flow
properties to vanish (dU/d% = 0).u'7'9

The boundary conditions at the surface consist of the no-
slip condition for the velocity components and either a
constant surface temperature or adiabatic wall condition,
depending on the accompanying experimental condition.14'15

The density (or pressure) condition at the surface is the
satisfaction of a compatibility relationship derived from the
normal momentum equation, which reduces to a simple zero
pressure gradient approximation at the surface for most
engineering problems.7

Discussion of Results
All the numerical calculations were performed on a CDC

6600 digital computer. The presentation of the results includes
the general features of the implicit-explicit numerical method,
characteristics of the temporal convergence, spatial trun-
cation error analysis and specific comparisons with known
numerical results, and experimental measurements for the
two-dimensional case. The numerical results for the three-
dimensional corner configuration are also given.

Two-Dimensional Results
In Table 1, the general features of the fully explicit and the

implicit-explicit hybrid procedure are given for the two-
dimensional shock impingement problem. The hybrid
procedure includes both the simple implicit and the Crank-
Nicolson method. All the calculations were performed for a
28x22 grid point distribution. The minimum and the
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Table 1 Two-dimensional shock impingement problem

Implicit-Explicit

Explicit Crank-Nicolson

(A/)max/ArCFL
Computing time, tc, min.
''/'imp
Matching point, JFM

1.0
90.0
8.62

12.5
15.1
L44

10

Implicit

25
10.4

1.0
12

maximum Ay were 0.9955 x l O ~ 4 ft and 0.1741 x l O ~ ! ft,
respectively, and were stretched geometrically. However, in
the transformation plane, the step size in AT? was uniform.
Since no coordinate transformation was incorporated for x>
Ax was identical to A£ with a value of 0.11083 x 10 ~ } ft. The
solution was allowed to evolve with time until the ac-
cumulated time step reached seven times the value of the
characteristic time scale f c h . The characteristic time was
defined as the time required for a fluid particle to travel over
the characteristic length (L = 0.1625 ft) at freestream speed
(r c h=9.68xlO'5s).

An error analysis of the central differencing formulation
yielded a leading term truncation error in the viscous region
\\Urjrw A7j2/3! Uj]\\ to be 4%. The second-order derivative
approximation II2(777771777 A772/4! Ur^rjII was around 0.25%.
The truncation errors for derivatives in the £ direction were
lower by a factor of three or more. The maximum difference
between the three calculations was found in predicting Cf near
the reattachment point; the discrepancy being about 1%. The
Crank-Nicolson scheme indicated an erratic behavior for time
step size greater than 12.5 A/CFL and failed to converge. This
particular behavior had been previously reported. 8>9 '13>19

From Table I, it is obvious that the implicit-explicit hybrid
scheme provides a significant gain in computing efficiency
without degrading accuracy. For turbulent flow, a substantial
refinement of the grid near the wall is required to resolve the
laminar sublayer. Therefore, the present scheme is expected to
increase the calculation speed several orders of magnitude
over that of an explicit procedure. For the two-dimensional
problem investigated, the present scheme has a factor of 8.62
gain over the fully explicit scheme. This improvement is
comparable to the 6.4 factor realized by MacCormack's
implicit-explicit scheme.8'9

In Fig. 1, the characteristics of the iterative convergence of
the present method is presented for the calculations with a
28 x 33 grid. Both the simple implicit and the Crank-Nicolson
method are given. Again the skin friction coefficient was
found to be the slowest parameter to converge. The reflected
shock pressure reached its asymptote at about 2 /ch. The
conventional relative error criterion E,E/[(AL7£/„)2 ] '/2 /(/ -j)
was found to be inadequate, because it remained nearly
constant (~ 10 ~4) after 2 tch while the value of Cf continued

2.96 x iO5

.0 4.0 6.0 8.0 10.0 12.0 14.0 16.0

IAt/Atch

Fig. I Time-convergence characteristics.

to evolve slowly. The two most representative skin friction
coefficients at x = 0.300 and x = 0.966 were monitored. After
5 /ch in time the value of C/ upstream reached its asymptote,
but the value of Cf downstream of the separation zone
continued its evolution at a rate of -0.76% per characteristic
time. The solution by the Crank-Nicolson scheme exhibited
identical behavior, and the Crank-Nicolson scheme is known
to be second-order accurate in time.19 In all, the trend of
convergence is orderly and monotonically approaches the
steady-state asymptotes at different rates, depending on the
relative location from the leading edge.

The existence of a rapid computing procedure made
practical the investigation of an error analysis by comparing
several different grid sizes. In Fig. 2, the result of a truncation
error analysis is presented. Comparison of two computations
of 28 x 33 and 42 x 33 grid systems showed no distinguishable
difference in values of C/. A sample analysis of leading
truncated terms for the first- and second-order derivative also
revealed that the error in the 77 direction was greater than in
the £ direction by a factor of 4. A truncation error analysis in
the 77 direction was performed by comparing the numerical
results with three different grid point distributions: 28x22,
28 x 33, and 28 x 44. The numerical results by the finest mesh
point distribution was also compared with Richardson ex-
trapolations!9 for the second-order methods. Several values
of Cf presented in Fig. 2 indicate that the present scheme is
indeed a second-order accurate method in spatial variables.

The surface pressure distribution for the calculation with
the 28x33 grid point distribution together with Mac-
Cormack's result8-9 with a 32x32 grid and experimental
data14 is presented in Fig. 3. The maximum difference bet-
ween MacCormack's result and the present one is less than
2%. The computing time for this calculation was 16.90 min
for the implicit scheme. The Crank-Nicolson method, on the
other hand, required 24.61 min to reach six characteristic time
steps, /ch.

M -2.0
CO

Re • .296 X I0"! ZAt - 6.20 Li

AY 2 x!0*8

1.0-
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0.6-
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0.2-

0.0

-0.433 -0.300

2.0-

0.5-

1.4 1.5 1.6 1.7 !.8 (.9 2.0 2.1 2.2
Cf X IO*3

Fig. 2 Truncation error representation.

= 2.0 Re - 2.96 X IO5

O DATA REF 14
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Fig. 3 Surface pressure distribution.



500 •J .S.SHANG AJAA JOURNAL

- 2.0 R e L * 2 . 9 6 x i 0 5

O DATA REF 14'
-x-x- Mac CORMACK'S RESULT 8
——— PRESENT RESULT

( 8 x 2 0 x 2 8 )

Fig. 4 Skin friction coefficient distribution.
Fig. 7 Plate surface pressure distribution for a three-dimensional
corner.
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Fig. 5 Comparison of velocity profiles.

0.50 0.60 0.70
z

Fig. 8 Comparison of surface pressure distribution in conical
coordinates.

Re - 2.96 x !05

Y x l O 2
M.4
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—— Mac CORMACK'S RESULT 8
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Fig. 6 Comparison of velocity profiles.

In Fig. 4, the skin friction coefficient distributions of
MacCormack's results, experimental data, and the present
calculation (implicit) are presented. The length of separation
is predicted within 3% between calculations. However, there
is a behavioral difference within the region of flow
separation; MacCormack's result exhibits a near "dual-
mmimum" distribution. This particular trend is known to be
associated with the definition of the pressure plateau in the
separation region.27 The difference in Fig, 3 has been
mentioned previously and will be delineated in discussing the
next two figures. The maximum difference between the
calculations of the Crank-Nicolson method and the implicit
scheme is less than 3%.

The detailed flowfield structure is presented in Fig. 5 and 6
in terms of velocity profiles at several selected stream wise
locations with accompanying data. MacCormack's results are
also included where available. The difference between the
present results for the velocity profiles is negligible, therefore

only the implicit calculations will be given. Excellent
agreement is indicated between experimental measurement14

and numerical results, except perhaps in the reverse flow
region. At Ar = 0.97, both MacCormack's result and the
present calculation underpredict the experiment in the reverse
flow region, with the present result exhibiting a greater
discrepancy in comparison with data. The observed deficiency
can be attributed to the inferior numerical resolution due to
the variable step sizes. The present scheme clusters grid points
near the plate by a geometric variation; the first point away
from the surface has a step size Ay of 0.6751 x 10 ~4 ft; at the
matching point (JFM = 16), Y = 0.428 x 10 ~2 ft the step size,
Ay has been stretched to a value of 0 .727xlO~ 3 . Mac-
Cormack, on the other hand, used a uniform fine mesh
(Ay = 0.50x 10 ~ 3 ft) for the viscous-dominated region. The
difference may reflect the conservation error I9'22>25>26 due to
the use of primitive variables in this viscous domain.
However, similar difference was also observed between
MacCormack's result and that of Beam and Warming,6 even
though both employed the conservative formulation. In
principle, this discrepancy can be removed by further
reducing the grid spacing. The calculation using the finest
mesh distribution (28 x 44) shows substantial improvement in
comparison with the experimental measurement, but should
not be considered a fair comparison with MacCormack's
result for the 32 x 32 mesh system.

Three-Dimensiosial Results
The detailed geometrical configuration, the coordinate

transformation, and the mesh point system of the three-
dimensional corner problem can be found in Ref. 7. In
essence, the fiowfield in the corner region by a 15 deg wedge
and a flat plate was investigated at a Mach number of 12.5
and a characteristic Reynolds number of 1.21xl06. In the
present analysis, the three-dimensional corner problem is
evaluated by the implicit-explicit hybrid scheme for a grid
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point distribution of 8x20x28. In the transformed space,
uniform step sizes for the three-dimensional problem are
A£ =0.1276, A?? -0,05263, and Af = 0.03704, However, in the
physical space the range of.y andz are stretched linearly in a
conical coordinate system. At each constant* plane the step
sizes in y and z, Ay, Az are further clustered in geometrical
proportion. The minimum Ay and Az are required to be
L/2(ReL ) ]/2 (0.4728 x 10 ~3) . The geometrical variation
parameters assume the values of 2.154 (y) and 3.248 (z) ,
respectively. The total central memory used was 260,500
words (base 8).

Since the original computation7 was performed without the
advantage of equation splitting for fractional time step, for
each unit characteristic time step 292 min of computer time
was required. A total elapsed time of five characteristic time
steps (fch =0.2185 x lO" 3 s) was accumulated to obtain the
asymptotic steady-state solution. Preliminary results indicate
that the implicit -explicit hybrid scheme required only 27.7 min
to achieve one characteristic time step. The ratio of required
computing times is 10. However, numerical oscillations have
been observed in the solutions for relatively coarse grid point
distributions. Higher order dissipation terms may be required
to damp this short wavelength.6 Effort is currently being
undertaken to investigate this phenomenon. In order to avoid
the repetitious presentations of the numerical results, only the
surface pressure distribution for the entire flowfield and a
specific comparison with known numerical result7 and ex-
perimental measurement 14 are given.

In Fig, 7, the surface pressure distributions on the plate are
given for the entire flowfield. To facilitate the visual iden-
tification, the pressure distributions are presented in the trans-
formation variable f. The surface pressure reaches its peak
value in the corner region across the wedge shock envelope.
Moving outward, the surface pressure reveals an expansion
zone.7 The surface pressure eventually reaches the two-
dimensional asymptote far away from the corner. The surface
pressure also reveals the conical flow behavior which justifies
the rather coarse step size in £ .

In Fig. 8, the surface pressure distribution is presented and
accompanied, by the previously obtained explicit calculation7

and experimental measurement. 14 The agreement between the
measurements and numerical results is excellent. In general,
the numerical results with the 8 x 20 x 28 mesh system are
confined within the data scattering. The maximum difference
between numerical results is

Concluding Remarks
A three-dimensional, time-dependent, implicit -explicit

hybrid numerical procedure for the Navier-Stokes equations
has been developed. The numerical code also contains a
general coordinate transformation capable of evaluating a
wide range of aerodynamical configurations. This procedure
is a second-order scheme in both space and time. Successful
comparisons with an explicit method were performed for a
supersonic, two-dimensional shock wave/boundary-layer
interaction and a hypersonic three-dimensional compression
corner flow at a high Reynolds number laminar flow con-
dition.

Substantial gain in computing efficiency over conventional
fully explicit methods1'2'7 were realized, while retaining
comparable accuracy. For the investigated two-dimensional
problem, the present method reduces the computing time by a
factor of 8.6. The numerical results in comparison with
MacCormack 's rapid solving scheme8'9 exhibit a maximum
difference of about 4%. However, MacCormack's equation
splitting between inviscid and viscous terms is no longer
required, and the approximation v/c< 1 for his characteristic
equation is also eliminated. For the three-dimensional
problem, the gain in computing efficiency is reflected by a
factor of ten increase in speed. The maximum difference in
pressure between the fully explicit method and the present
scheme is 10%. Unfortunately, time-dependent methods

converge like / //2 and, therefore, require excessive computer
time to obtain higher precision. Improvements are needed to
accelerate convergence.
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